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(Recommended by Boris Hasselblatt)

Abstract. Recently, Das defined a new type of algebras, the Yamaguti
algebras, which are supposed to serve as envelopes of Lie–Yamaguti
algebras appearing naturally in differential geometry. We show that
the nonsymmetric operad of Yamaguti algebras admits a combinato-
rial description via noncrossing partitions without singleton blocks,
and a representation-theoretic description as the equivariant endo-
morphism operad of the adjoint module of the Lie algebra sl2.

1. Yamaguti algebras

In work of Nomizu [22] on affine connections with parallel torsion and curvature, a
new algebraic structure with one binary and one ternary structure operation emerged.
It was axiomatized algebraically by Yamaguti [28] as “general Lie triple systems”, and
renamed into “Lie triple algebras” by Kikkawa [15]. Much later, it was renamed into
“Lie–Yamaguti algebras” by Kinyon and Weinstein [16], which seems to be the preferred
terminology these days. While the structure theory of Lie–Yamaguti algebras was stud-
ied in recent years [2, 3], it is not a very well understood algebraic structure. For instance,
a basis in the free Lie–Yamaguti algebra does not seem to be known (a recent preprint of
Stava [27] that proposes such a basis implicitly proves that the subalgebra of the free Lie–
Yamaguti algebra obtained by iterated binary products of generators is free, an assertion
shown to be false by Bremner [4]). This is one of the motivations of the recent work
of Das [8], who defined a new type of algebras, which he called associative–Yamaguti
algebras, or simply Yamaguti algebras. For these algebras, suitable symmetrization of
their operations produces a Lie–Yamaguti algebra, and hence one may hope to study
Lie–Yamaguti algebras via their Yamaguti envelopes. The precise definition of Yamaguti
algebras is as follows.

Definition 1.1. A Yamaguti algebra is a vector space equipped with a bilinear operation
a,b 7→ a ·b and two trilinear operations

a,b,c 7→ {a,b,c} and a,b,c 7→ {{a,b,c}}

satisfying the identities

(a ·b) · c −a · (b · c)+ {a,b,c}− {{a,b,c}} = 0(AY1)

and
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{a ·b,c,d} = {a,b · c,d},(AY2)

{a,b,c ·d} = {a,b,c} ·d ,(AY3)

{{a ·b,c,d}} = a · {{b,c,d}},(AY4)

{{a,b · c,d}} = {{a,b,c ·d}},(AY5)

a · {b,c,d} = {{a,b,c}} ·d ,(AY6)

{{a,b,c},d ,e} = {a, {{b,c,d}},e} = {a,b, {c,d ,e}},(AY7)

{a, {b,c,d},e} = {{{a,b,c}},d ,e},(AY8)

{{{{a,b,c}},d ,e}} = {{a, {b,c,d},e}} = {{a,b, {{c,d ,e}}}},(AY9)

{{a, {{b,c,d}},e}} = {{a,b, {c,d ,e}}},(AY10)

{a,b, {{c,d ,e}}} = {{{a,b,c},d ,e}}.(AY11)

Note that in each Relation (AY1)–(AY11) the arguments appear in the same order,
which means that a Yamaguti algebra is an algebra over a nonsymmetric operad, which
we denote Yam, and call the Yamaguti operad. In this note, we show that this operad has
two other descriptions: a very simple combinatorial one, and one relating it to represen-
tation theory of sl2; one may hope that these results, besides being interesting in their
own right, might also be useful to understand the more elusive Lie–Yamaguti operad.
It also follows from our description that the operad Yam is cyclic; the same statement
for the Lie–Yamaguti operad is implicit in the literature, since there exists a meaningful
notion of an invariant bilinear form on a Lie–Yamaguti algebra [26].

All vector spaces in this paper are defined over a field k ; for some of the results, it will
be important to assume char(k) ̸= 2.

2. Operad of noncrossing partitions without singleton blocks

Let B(n) be the set of noncrossing partitions of the set {0,1,2, . . . ,n} without singleton
blocks; these combinatorial objects were first considered by Kreweras [17, Sec. 5]. We
display such a noncrossing partition by a picture where integers are segments on the
boundary of a disk, with the segment 0 at the bottom. The blocks are then represented
by blue regions inside the disk as in Figure 1.

0

1

2

3

4

5

Figure 1. The noncrossing partition with blocks {0,1,4,5} and {2,3}.

Let us define a nonsymmetric operad B in the category of vector spaces. The com-
ponent B(n) of arity n is the vector space with basis B(n).

The composition maps ◦i are defined on the basis as follows. Let π ∈ B(m), ν ∈ B(n)
and 1 ≤ i ≤ m. Then π◦i ν is the sum of two terms:

• the noncrossing partition obtained by juxtaposition of the two disks and identi-
fication of the segment i of π with the segment 0 of ν,

• the noncrossing partition obtained from the previous one by cutting the new
block along the gluing line made from the identified segments, thereby creating
two blocks.
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It can happen that the second case creates a singleton block, in which case this term is
omitted. This happens exactly when either the block in ν containing 0 has 2 elements or
the block in π containing i has 2 elements.

For example, one gets

◦3 = + .

Proposition 2.1. The thus defined operations ◦i make B into a nonsymmetric cyclic op-
erad.

Proof. First of all, we note that the element satisfies the axioms of the operadic

unit, because when composing with this element, only the first term appears. Next, we
note that our definition of the compositions is immediately seen compatible with the
cyclic group action on B(n), since the combinatorics of these compositions only uses
the planar depiction of noncrossing partitions.

It remains to check the two other axioms of nonsymmetric operads, that is, the ax-
ioms of the parallel and the sequential composition [18, Chapter 5]. For the parallel
axiom (π◦i µ)◦ j ν= (π◦ j ν)◦i µ corresponding to the simultaneous composition at posi-
tions i and j inside a noncrossing partition π, the statement is obvious if i and j are not
in the same block of π, as the composition rules play independently at i and j . One has
to examine what happens when i and j are in a block b of π. If |b| is at least 4, the rules
also play independently. If |b| is 2 or 3, one can check all possible cases. For instance, if
b = {i , j }, then

- in each of the two compositions π◦i µ and π◦ j ν only the first term appears,
- each of the two compositions (π ◦i µ) ◦ j ν and (π ◦ j ν) ◦i µ has two terms, one

corresponding to identification of the segments i and j of π with the segments
0 of µ and of ν respectively, and the other obtained from the previous one by
cutting the new block into its µ-part and its ν-part, thereby creating two blocks.
(The second term is not present if either of the blocks in µ and ν containing 0
has 2 elements.)

It follows that the sequential composition axiom also holds, since it can be reduced to
the parallel axiom by a cyclic group action, which completes the proof. □

Remark 2.2. We note that a nonsymmetric operad of noncrossing partitions (without
restrictions on blocks) was defined by Ebrahimi–Fard, Foissy, Kock and Patras [11], who
used it in the context of moment-cumulant relations in free probability. However, their
operad, unlike ours, is set-theoretic, and uses partitions of {1, . . . ,n} as operations of arity
n +1, so there does not seem to be any obvious relationship between the two.

Lemma 2.3. Let π be a noncrossing partition of {0,1, . . . ,n} without singleton blocks and
with at least 2 blocks, for some n ≥ 3. Thenπhas a block made of a sequence of consecutive
nonzero integers.

Proof. The unique block b containing 0 defines a partition of the other blocks according
to which connected component of the complement of b they belong. Because there are
at least 2 blocks, at least one of these connected components contains a block. Iterating
this process by choosing blocks further away from b, one must reach at some step a
block b′ whose elements are a sequence of consecutive nonzero integers. □

Proposition 2.4. The operad B is generated by the elements

∈B(2) and , ∈B(3).

Proof. Let G be the sub-operad generated by the elements indicated above. Let us prove
by induction on the arity that G contains every basis element.
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The statement is clear in arity at most 2. Let π be a basis element of arity n ≥ 3.
Assume first that π has at least 2 blocks. By Lemma 2.3, π contains a block b made of

consecutive nonzero integers {i , i +1, . . . , j }.
If the block b has at least 3 elements, let ν be defined by replacing b by a block with

two elements {i , i +1} and renumbering the integers after j +1. Let µ be the noncrossing
partition with one part of cardinality |b|. Then π= ν◦i+1µ. By induction, π is on G .

If the block b has 2 elements, let ν be defined by removing the block b and renum-

bering the integers after i +2. Then π can be written as some composition ν ◦k or

ν◦k for some appropriate choice of k. Therefore π is in G .

There remains to handle the case where π has just one block b. The composition of
two smaller noncrossing partitions with just one block, both in arity at least 2, gives π
plus a noncrossing partitionπ′ with two blocks. We already know thatπ′ is in G , so thatπ
is also in G . □

3. Yamaguti operad and noncrossing partitions

We shall now establish the first main result of this paper, showing that the combina-
torially defined operad B and the Yamaguti operad Yam are isomorphic. The isomor-
phism will be implemented by the map constructed as follows.

Proposition 3.1. There is a well-defined morphism

ψ : Yam →B

defined on the generators by the formula

−·− 7−→ ,(3.1)

{−,−,−} 7−→ − ,(3.2)

{{−,−,−}} 7−→ − .(3.3)

Proof. To prove the above assertion, one needs to check that all relations (AY1)–(AY11)
hold for the images of the generators of Yam. One finds that

◦1 = + , and ◦2 = + ,

so that
◦1 − ◦2 = − ,

and therefore Relation (AY1) holds. For all the other relations, the computation is in fact
a bit simpler, since they all involve the ternary generators

and ,

and composition of a basis element with either of them is a single basis element. Con-
cretely, Relations (AY2)–(AY6) hold because

◦1 = = ◦2 ,

◦1 = = ◦3 ,

◦2 = = ◦1 ,

◦2 = = ◦3 ,

◦1 = = ◦2 ,
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and Relations (AY7)–(AY11) hold because

◦1 = = ◦2 = ◦3 ,

◦2 = = ◦1 ,

◦1 = = ◦2 = ◦3 ,

◦2 = = ◦3 ,

◦3 = = ◦1 .

Note that the signs in the definition of ψ only play a role in the first relation. □

Theorem 3.2. The morphism ψ : Yam →B is an isomorphism.

Proof. By Proposition 2.4, the morphism ψ is surjective, so the dimension of Yam(n)
is bounded from below by the number of noncrossing partitions of {0,1, . . . ,n} with-
out singleton blocks. Let us show that the same number serves as an upper bound for
dimYam(n); this would imply that ψ is bijective.

We begin by noting that Identity (AY1) can be used to write

{{a,b,c}} = (a ·b) · c −a · (b · c)+ {a,b,c},

so the generator {{−,−,−}} is redundant. Using the existing software to compute Gröbner
bases for operads [9], or eliminating the generator {{a,b,c}} directly, one finds the follow-
ing minimal set of relations between the minimal set of generators −·− and {−,−,−}:

{a,b · c,d} = {a ·b,c,d},(AY1’)

{a,b,c ·d} = {a,b,c} ·d ,(AY2’)

{a,b, {c,d ,e}} = {{a,b,c},d ,e},(AY3’)

(a · (b · c)) ·d = ((a ·b) · c) ·d −a · {b,c,d}+ {a,b,c} ·d ,(AY4’)

{a · (b · c),d ,e} = {(a ·b) · c,d ,e}− {a, {b,c,d},e}+ {{a,b,c},d ,e},(AY5’)

a · (b · (c ·d)) = a · ((b · c) ·d)+ (a ·b) · (c ·d)(AY6’)

− ((a ·b) · c) ·d +a · {b,c,d}− {a ·b,c,d}.

Consider the ordering of monomials of the free nonsymmetric operad generated
by −·− and {−,−,−} which first compares the number of operations used in a monomial,
and in case of a tie, compares the path sequences using the reverse graded lexicographic
ordering [5], using the ordering of generators for which −·− is less than {−,−,−}. Then
the leading terms of the identities given by the differences of the left hand sides and the
right hand sides of (AY1’)–(AY6’) are the monomials on the left hand sides. Thus, an up-
per bound for the dimension of Yam(n) is given by the number of monomials that are
not divisible by any of the monomials

{a,b · c,d}, {a,b,c ·d}, {a,b, {c,d ,e}}, (a · (b · c)) ·d , {a · (b · c),d ,e}, a · (b · (c ·d)).

For a nonsymmetric operad with finitely many monomial relations, there are several dif-
ferent ways to compute the dimensions of its components, see, e.g., [14]. In our case, the
concrete form of the monomial relations suggests that we should introduce the follow-
ing generating functions:

• f (t ) the generating function for all monomials that are not divisible by the rela-
tions,

• x(t ) the generating function for all monomials that are not divisible by the rela-
tions and −·− as the top level operation,
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• y(t ) the generating function for all monomials that are not divisible by the rela-
tions and {−,−,−} as the top level operation,

• z(t ) the generating function for all monomials that are not divisible by the rela-
tions and −· (−·−) at the top level.

It is then easy to see that we have the following relations between these generating func-
tions:

f (t ) = t +x(t )+ y(t ),

x(t ) = ( f (t )− z(t ))2,

y(t ) = ( f (t )− z(t ))(t + y(t ))t ,

z(t ) = ( f (t )− z(t ))(x(t )− z(t )).

Indeed,

• the first of these equations just means that a monomial is either the unit of the
operad or has one of the generators at the top level,

• the second equation means that as long as the top level operation is − ·−, we
cannot have a monomial with the top level −· (−·−) substituted as either of the
two arguments,

• the third equation means that as long as the top level operation is {−,−,−}, we
cannot have a monomial with the top level −· (−·−) substituted as the first ar-
gument, we cannot have a monomial with the top level −·− substituted as the
second argument, and we can only have the unit as the third argument,

• the last equation means that to build an operation with −·(−·−) at the top level,
we must form an operation m1 ·m2, where m1 is a monomial that does not have
− · (− ·−) at the top level (and thus is enumerated by f (t )− z(t )) and m2 is a
monomial that has −·− at the top level, but cannot have −·(−·−) at the top level
(and thus is enumerated by x(t )− z(t )).

Eliminating x(t ), y(t ), and z(t ) from these equations, we find

t 3 f (t )2 + t 2 f (t )2 +2t 2 f (t )+ t f (t )+ t − f = 0,

which, if we denote A(t ) = 1+ t f (t ), can be written as

A(t ) = 1

1+ t
+ t A(t )2,

the known functional equation for the generating function of the so-called Riordan
numbers [23, A005043], counting noncrossing partitions of {0, . . . ,n} without singleton
blocks. This shows that the upper bound and the lower bound for dimYam(n) coincide,
and hence the morphism ψ must be an isomorphism. □

Corollary 3.3. We have

dimYam(n) =
n+1∑
k=0

(−1)n+1−k

(
n +1

k

)
1

k +1

(
2k

k

)
.

Proof. According to the proof of Theorem 3.2, the generating function A(t ) of the Rior-
dan numbers [23, A005043] satisfies A(t ) = 1+t f (t ), so the requisite formula is obtained
from the known formula for the Riordan numbers by a shift of argument. □

Corollary 3.4. Relations (AY1’)–(AY6’) form a Gröbner basis of relations of the operad
Yam.
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Proof. According to the proof of Theorem 3.2, the upper bound for dimYam(n) obtained
via the leading terms of Relations (AY1’)–(AY6’) coincides with the lower bound. There-
fore, those leading terms generate the ideal of the leading terms of the operad Yam,
which implies that (AY1’)–(AY6’) form a Gröbner basis of relations of that operad. □

Examining the proof of Theorem 3.2 further, one can note that the auxiliary gener-
ating function y(t ) is just t 2 f (t ), that the coefficients of x(t ) are the generalized bal-
lot numbers [23, A002026] and that those of f (t )− z(t ) are the Motzkin numbers [23,
A001006].

4. Yamaguti operad and the adjoint module of sl2

Recall that an endomorphism operad of a vector space V is the collection E ndV of
multilinear maps from V to V :

E ndV (n) = Hom(V ⊗n ,V ).

In this section, we establish the second main result of this paper (found while this article
was under peer review), which relates the Yamaguti operad to the equivariant endomor-
phism operad

(E ndsl2 )sl2 = {
Homsl2 (sl⊗n

2 ,sl2)
}

n≥1

of the adjoint module of the Lie algebra sl2. We shall need an invariant symmetric bilin-
ear form K on that adjoint module. It will be convenient for us to choose the form

K (u, v) := 1

2
tr(aduadv ),

whose nonzero values on the basis (e, f ,h) are K (e, f ) = K ( f ,e) = 2, K (h,h) = 4.

Proposition 4.1. There is a well-defined morphism of nonsymmetric operads

φ : Yam → (E ndsl2 )sl2

defined on the generators by the formulas

a ·b := [a,b],(4.1)

{a,b,c} := K (a,b)c,(4.2)

{{a,b,c}} := K (b,c)a.(4.3)

Proof. The map φ sends the defining identities (AY1)–(AY11) of the Yamaguti operad to
the following relations in (E ndsl2 )sl2 :

[[a,b],c]− [a, [b,c]]+K (a,b)c −K (b,c)a = 0,

K ([a,b],c)d = K (a, [b,c])d ,

K (a,b)[c,d ] = [K (a,b)c,d ],

K (c,d)[a,b] = [a,K (c,d)b],

K ([b,c],d)a = K (b, [c,d ])a,

[a,K (b,c)d ] = [K (b,c)a,d ],

K (K (a,b)c,d)e = K (a,K (c,d)b)e = K (a,b)K (c,d)e,

K (a,K (b,c)d)e = K (K (b,c)a,d)e,

K (d ,e)K (b,c)a = K (K (b,c)d ,e)a = K (b,K (d ,e)c)a,

K (K (c,d)b,e)a = K (b,K (c,d)e)a,

K (a,b)K (d ,e)c = K (d ,e)K (a,b)c.
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The first of them is actually equivalent to the relation

[[a,c],b]+K (a,b)c −K (b,c)a = 0

found by Chmutov and Varchenko [7, Thm. 6]; in fact, that latter relation is completely
classical for vectors in R3 with the Lie algebra structure given by the cross product. The
other relations follow from the bilinearity of the Lie bracket and the form K and the
invariance of the form K . We conclude that the map φ is well-defined. □

We shall now prove that the morphism we defined is an isomorphism. It may come as
a surprise since the Lie bracket [−,−] is anticommutative, and the binary operation of the
Yamaguti operad has no symmetries. However, we consider both Yam and (E ndsl2 )sl2

as nonsymmetric operads, which in particular forgets the anticommutativity of the Lie
bracket.

Theorem 4.2. The morphism φ : Yam → (E ndsl2 )sl2 is an isomorphism.

Proof. Using the invariant form K , we may define an isomorphism of sl2-modules sl2 ∼=
sl∗2 , and hence isomorphisms of sl2-modules

E ndsl2 (n) = Hom(sl⊗n
2 ,sl2) ∼= sl⊗(n+1)

2 .

Tensor powers of the adjoint representation of sl2 are at heart of the notion of the
sl2 weight system, an object of certain importance in the context of invariants of knots
and links; we shall now give a brief recollection of this notion, referring the reader to the
monograph [6] and to the articles [7, 19] for details.

Recall that a Jacobi diagram is a graph with univalent and trivalent vertices, with
half-edges at each trivalent vertex cyclically ordered, and the univalent vertices carry-
ing (possibly repeating) labels from a finite set {1, . . . ,k}, modulo the following AS and
IHX relations (which can be applied to any fragment of the diagram):

= − (AS)

= − (IHX)

These relations are graphical representations of the anti-symmetry of Lie brackets and
the Jacobi identity in Lie algebras. The vector space V (k) spanned by all such Jacobi
diagrams has a commutative associative algebra structure given by the disjoint union.
The sl2 weight system is an algebra homomorphism from V (k) to the algebra of sl2-
invariants in S(sl2)⊗k given on connected Jacobi diagrams (which form a set of free gen-
erators of V (k)) as follows. One decorates each trivalent vertex of the Jacobi diagram by
the invariant 3-tensor in sl⊗3

2 corresponding to the Lie bracket [−,−] ∈ Homsl2

(
sl⊗2

2 ,sl2
)

under the isomorphism above, and then computes the bilinear form K on pairs of labels
of all edges (where we assign a copy of sl2 to each of the half-edges adjacent to a vertex
following the cyclic ordering).

Meilhan and Suzuki establish in [19, Thm. 3.2] that the vector space
(
sl⊗(n+1)

2

)sl2 has
a basis of images under the sl2 weight system of all Jacobi diagrams D whose univa-
lent vertices are bijectively labelled by {0,1, . . . ,n+1}, whose connected components are
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ordered linear trees, that is, trees of the form

i1 ik−1

i0 • · · · • ik

with i0 < i1 < ·· · < ik−1 < ik , and for which the partition of {0,1, . . . ,n +1} according to
the connected components of D is a noncrossing partition without singletons. From our
identification

(E ndsl2 )sl2 (n) ∼= (sl⊗(n+1)
2 )sl2

and the above description of the sl2 weight system, it follows that the elements in
(E ndsl2 )sl2 corresponding to these elements are obtained by iterations of the compo-
sition maps ◦i from the operations

a ·b := [a,b],

{a,b,c} := K (a,b)c,

{{a,b,c}} := K (b,c)a.

Thus, the morphism φ of Proposition 4.1 is surjective. Moreover, since the above ele-
ments form a basis of (sl⊗(n+1)

2 )sl2 and are indexed by noncrossing partitions without

singletons, we have dimYam(n) = dim(E ndsl2 )sl2 (n), and so the morphism φ is an iso-
morphism. □

Let us remark that the collection of tensor powers
{
sl⊗(n+1)

2

}
n≥1 has a nonsymmetric

operad structure given, on decomposable tensors, by the formula

(v0 ⊗ v1 ⊗·· ·⊗ vn)◦i (w0 ⊗w1 ⊗·· ·⊗wm)

= K (vi , w0)v0 ⊗ v1 ⊗·· ·⊗ vi−1 ⊗w1 ⊗·· ·⊗wm ⊗ vi+1 ⊗·· ·⊗ vn ,

and our identification

E ndsl2
∼= {

sl⊗(n+1)
2

}
n≥1

is an isomorphism of nonsymmetric operads. In fact, if we think of the factors v0, . . . , vn

as labels of n +1 segments on the boundary of a disk, with the segment 0 at the bottom,
this operad structure is easily seen to be compatible with the cyclic action, which makes
E ndsl2 a nonsymmetric cyclic operad, and (E ndsl2 )sl2 its nonsymmetric cyclic subop-
erad. Examining the proof of Theorem 4.2, we see that it establishes an isomorphism
with Yam in the category of nonsymmetric cyclic operads.

We conclude by indicating a very surprising aspect of Theorem 4.2: the components
of the equivariant endomorphism operad (E ndsl2 )sl2 have natural actions of symmetric
groups permuting the arguments of the multilinear maps. Unlike the cyclic symmetry,
these actions, while immediate for equivariant maps, are not at all visible on the level
of the Yamaguti operad, either for its definition by generators and relations or for its
incarnation via noncrossing partitions.

5. Open questions

There are several natural questions arising from our work.
First, we note that for Yamaguti algebras, there is an analogue of the result of Brem-

ner [4]: the binary operation of the Yamaguti operad satisfies nontrivial identities. By
a computer calculation using Gröbner basis of operads [9] (where we assigned weight
0 to the operation − ·− and weight 1 to the operation {−,−,−}, and computed the low



68 Frédéric Chapoton, Vladimir Dotsenko

arities part of the Gröbner basis for the corresponding elimination ordering), we estab-
lished that the lowest degree in which such identity appears is 5, and the corresponding
identity is

a(b((cd)e))+ (a((bc)d))e + ((ab)c)(de) = a((b(cd))e)+ (ab)(c(de))+ ((a(bc))d)e.

It might be interesting to determine all such identities. In the light of the results of Sec-
tion 4, it is worth mentioning that we may view the above identity as an identity for the
Lie bracket of sl2. Using Gröbner bases for operads, one can easily check that this iden-
tity implies all identities of degree five that hold in sl2; it is a well known fact going back
to the work of Razmyslov [25] that all identities of the Lie algebra sl2 follow from those
of degree five, and hence this identity implies all identities of sl2. We note that other
choices of a single identity of degree five implying all identities of sl2 were previously
given by Filippov [12, §2] and Mishchenko [21, Lemma 2.3].

Second, the presentation of the Yamaguti operad is quadratic–linear, in that all defin-
ing relations are combinations of compositions of at most two generators. It would be
interesting to know whether this presentation is inhomogeneous Koszul [13, 24]. If that
were true, this would give a new approach to the deformation theory of Yamaguti alge-
bras, extending the results of [8]. The same question may be raised for the Lie–Yamaguti
operad, where it is probably much harder.

A weaker form of the previous question is already of independent interest. Let us
consider the filtration of the operad Yam by weight, so that F k Yam(n) is the linear span
of monomials with n arguments obtained as compositions of at most k generators. Un-
der the isomorphism ψ this corresponds to the filtration of B by the number of blocks,
so that F kB(n) is the linear span of noncrossing partitions with at least n − k blocks.
In the associated graded operad grF B, the composition is set-theoretical: only the first
term in the composition of the operad B survives in the associated graded. We con-
jecture that the defining relations of that operad are quadratic (this would be the case
if the Yamaguti operad were inhomogeneous Koszul). Note that the dimensions of the
weight graded components of grF B(n) assemble into the local γ-vector of the cluster
subdivision Γ(Φ) associated to the root systemΦ of type An+1, see [1, Prop. 3.1].

The fact that there is a functor of change of operations [20] producing from each Yam-
aguti algebra a Lie–Yamaguti algebra raises a question whether the corresponding mor-
phism of operads has the PBW property [10]. Computations with the Poincaré series of
the corresponding operads in low arities suggests that it might be possible.

Finally, it would be extremely interesting to determine what replaces the Yamaguti
operad if one replaces sl2 by sl3 in the results of Section 4; this would almost certainly
offer new interesting insights into the sl3 weight system as well as into the identities of
the Lie algebra sl3, both of which are very far from being fully understood.
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