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ABsTRACT. We investigate two-dimensional crystallization phenomena, i.e., minimality
of a lattice’s patch for interaction energies, with pair potentials of type (x,y) — V(l|lx —
yI) where ||| is an arbitrary norm on R?and V: R} — Risafunction. For the Heitmann—
Radin sticky disk potential V = Vg, we prove, using Brass’ key result from Computa-
tional Geometry 1996, that crystallization occurs for any fixed norm, with a classifica-
tion of minimizers and minimal energies according to the kissing number associated
to || - I. The minimizer is proved to be, up to affine transform, a patch of the triangu-
lar or the square lattice, which shows how to easily get anisotropy in a crystallization
phenomenon. We apply this result to the p-norms | - ||, p = 1, which allows us to con-
struct an explicit family of norms for which crystallization holds on any given lattice.
We also solve part of a crystallization problem studied in [Arch. Ration. Mech. Anal.,
240:987-1053] where points are constrained to be on Z2. Moreover, we numerically
investigate the minimization problem for the energy per point among lattices for the
Lennard-Jones potential V = Vij : r — r~12 — 2775 as well as the Epstein zeta function
associated to a p-norm || - ||, i.e., when V = V;:r — r~5, s > 2. Our simulations show a
new and unexpected phase transition for the minimizers with respect to p.

1. Introduction and setting

Crystallization phenomena, i.e., the emergence of periodic crystal structures from physical forces,
are at the same time very common in nature or experiments and known to be very difficult to justify
mathematically [39, 11, 13]. What brings together particles in order to form periodic arrays—like the
ones composing the chair where probably sit the reader right now—is believed to be a combination of
potential and kinetic energies, atomic orbitals as well as screening or pressure effects. However, excepted
in dimension one and two [10, 9] and for very particular systems, no mathematical result incorporating
all these parameters (e.g., quantum models) is available.

Based on the number of degrees of freedom of such systems, it is indeed more reasonable to start
with very simple models. Considering N point particles Xy = (x1,..., xy) € (R™)" interacting in pairs via
aradial potential V : R; — R is the most tractable model one can imagine. It basically corresponds to a
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zero temperature system with identical particle species. The total energy of such system is then usually
given by

(1.1) E(XN) =

N =

N
> Y Vixi— xjll2),
f; L j=1

~

and it is then a key problem to show either that a minimizer of E is always a patch of a periodic structure
(i.e., finite crystallization) or that the average energy per point for a minimizer converges, as N — +oo, to
the energy per point of a lattice (i.e., crystallization in the sense of the thermodynamic limit).

Whereas the problem is quite well-understood in dimension one [49, 50, 29], it remains widely open
in higher dimension. Crystallization results in the plane for energies of type E have all been shown for
attractive-repulsive potentials. The Heitmann-Radin sticky disk potential Vjjr defined by

+oo ifref0,1)
(1.2) Vr=0, Vgr(r)=4 -1 ifr=1
0 ifr>1

is the prototypical example of such simple pair potential for which Heitmann and Radin have proved [32]
(see also [19] for an alternative proof), mainly based on a result of Harborth [31], the minimality of a patch
of the so-called triangular lattice of unit side-length (also called hexagonal or Abrikosov lattice [41]) given
by
As:=7(1,0) @Z(l,ﬁ).
22

The optimality of the triangular lattice has been also proved for other short-range [38, 27, 20] and long-
range [46] potentials. Very roughly, the proofs are always based on the fact that a regular hexagon is
optimal locally (i.e., the maximal number of nearest-neighbors of a point is 6) because of the large enough
repulsion at short distance and that the tail of the potential is flat enough to almost not interfere in the
perfect assembly of the hexagons.

Recently, the same type of work—with basically the same strategy—has been done by the first author,
De Luca, and Petrache [6], for the soft potential Vgpp defined by

+oo ifrefo,1)
Vr=0, Vegpp(r)=< -1 ifre(l,v2]
0 ifr>v2,

as well as some of its perturbations, for which the square lattice 72 has been shown to be minimal, but
only in the sense of the thermodynamic limit, for E. No finite crystallization result of a patch of Z? for
Vspp has been shown.

The highly symmetric lattices A, and Z? are the too canonical good candidates for a crystallization
problem [2], but other anisotropic structures obviously also appear as natural structures in the literature,
see, e.g., [33, 16, 43]. By a straightforward geometrical consideration, it is easy to show any crystallization
on a given two-dimensional lattice L, by simply composing Vijgr with an appropriate affine transform
mapping L to Ay. The anisotropy obtained from such trick comes simply from the anisotropy of L itself
and seems then to be a little bit artificial. Notice also that algorithmic methods [47] have been designed
to construct interacting potential V such that a given lattice is minimal.
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In this paper, in order to show the emergence of anisotropy in crystallization (i.e., the minimality of
less symmetric lattices), we propose to investigate the minimizers of the following energy

1 N N
(1.3) EIHl(XN):EZ Z Vlx; = x;il),

i=1j=1
i#j

where || - || is an arbitrary norm on R?,

¢ for the Heitmann-Radin sticky disk potential V = V4R in the finite crystallization case. Using
Brass’ results [12] on combinatorial geometry, generalizing Harborth’s work [31] to an arbitrary
norm, as well as the recent crystallization result by Del Nin and De Luca in the square sticky
disk case [21], we completely classify the minimizers of E).; according to the maximal number
of nearest-neighbors (i.e., the kissing number), which is, up to an affine transform, A, or 7%. We
explicitly construct an infinite family of norms { N, 1.} pe(1,00] in such a way that a given lattice L is
minimal for Ey,, and we investigate the minimizers for the p-norms. Furthermore, we give the
minimal energy of E for Vgpp when the points are assumed to be already on z2.

o for the Lennard-Jones potential Vi;: R} — R, r — Vi;(r) = among lattices (i.e., when

12 16’
the structure is already constrained to be periodic). After proxr/ing arresult allowing us to consider
only an associated (reduced) minimization problem among unit density lattices, we numerically
investigate the minimizer of Ej . » for different p-norms, p € [1,00]. Furthermore, we also numer-
ically study the same type of minimization problem among unit density lattices for the purely
repulsive inverse power-law V(r) = %, s> 2, i.e., the Epstein zeta function, which is related to
the Lennard-Jones one. Our numerical results show in both cases a new phase transition for the
minimizer. Except for p € {1,2,00}, the minimizer for V;; does not seem to be the same as the
one for Vijr. This shows a new phenomenon different from the one proven in the euclidean case
in [32, 5] for which a triangular lattice is optimal in both cases.

Plan of the paper. In Section 2, we give some definitions and results concerning norms and lattices. Sec-
tion 3 is devoted to the sticky disk potential with an arbitrary norm as well as Vgpy, with points on z2.
Finally in Section 4, we numerically and theoretically investigate the Lennard-Jones problem among lat-
tices, as well as the Epstein zeta functions, with an arbitrary norm.

2. Preliminaries about norms and lattices

Akey point in Brass’ work is to classify norms with respect to their kissing number (see [45, Section 2]),
whose definition we recall here.

Definition 2.1 (Minimal-distance graph and kissing number for anorm). Let ||- || be a norm on R2. For
all configurations Xy < R? such that d(Xy) := min;x; || x; — x|l = 1, we define the minimal-distance graph
Gy = (XN, En), where Xy is its set of points and Ex = {{x, VcXy:lx—yll= 1} is its set of edges with
unit length. The Hadwiger number, also called kissing number, associated to || - || is defined by

Kj:= max max deg(x)

Xnc®H)N xeXny
d(Xn)=1

where deg(x) = #{y € Xn : {x, y} € En} is the degree of x.

Example2.2. For instance, we know that K., = 6 is the classical kissing number for euclidean balls in R?.
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We have the following result that classifies norms with respect to their kissing number.
Lemma 2.3 (Classification of norms by their kissing number, [30]). Let| - || be a norm on R% and S - =
{(xeR2: x|l = 1} its unit sphere centered at the origin.
(1) IfSy. is a parallelogram, then K., =8,
(2) IfS). is not a parallelogram, then K. = 6.
Therefore, we can define the following sets of norms with fixed kissing number:
Vke (6,8}, A ={l-lnormonR?: Ky, = k}.
Remark 2.4 (Shape of the unit sphere and convexity). Notice that S|.; is not a parallelogram if and only if
Sy is strictly convex (see, e.g., Brass [12, Lemma 1]).

Example 2.5 (p-norms). We notice that | -||; and | - [lc belongs to Ag—since their unit spheres are
squares—whereas | - [, p ¢ {1,00}, belongs to As—since their unit spheres are strictly convex—where
the p-norms are defined, for all x = (x1, x2) € R2,
1/
Vp=1lixl, = (lxal? +1x20P) P, lxlle = max(x1l, [x2]).
Furthermore, we need to recall the notion of lattice since that will be a central object in our work.
Definition 2.6 (Lattice spaces). We say that L R? is a two-dimensional lattice if there exists a basis (u, v)

of R? such that L = Zu® Zv. We call % the set of two-dimensional lattices and %, (1) c %, the set of unit
density lattice, i.e., L € &> satisfying |det(u, v)| = 1.

Remark 2.7 (Lattice reduction). Two important results coming from Geometry of Numbers will help us
to simplify our methods:

(1) Any L € %, can be written, up to isometry, in the reduced following form (see Engel [24]):
N . T
(2]-) LZZ(ULO)@Z(VI,VZ), (u1,U1,U2)€R+XR+XR+,(U,U)€ [5,5],||(u1,0)||25||(V1,U2)||2-
(2) Any L € ¥,(1) can be represented as a point (x,y) € R2 belonging to the half-fundamental do-
main 2 defined by
(2.2) @::{(x,y)e[RZ:()sxs%,y>0,x2+y221}
in such a way that, up to rotation, we can write L as in (2.1),
1 X
(2.3) L=Z(—,0)GBZ(—.

722 57)
Notice that the square lattice Z? and the triangular lattice \/% A, of unit density are respectively
parametrized in & by (0,1) and (%, ‘/75)
Moreover, is usual (see, e.g., [37]), by symmetry of the energies we consider, to use the above
half-fundamental domain instead of the full one (see, e.g., [7, Appendix]), where x € [—%, %]

We end this section with a very simple and useful result about linear transforms mapping a lattice to
another in their reduced forms.

Lemma 2.8 (Linear map transforming a lattice into another). Let L',L € £, written in their reduced
form as in (2.1), ie, L' = Z(u},0) ® Z(v},vy) and L = Z(u,0) ® Z(v1,v2). There exists a unique linear
transform Ty 1 : R? — R? such that Ty (L") = L which is defined by

Uy 1 ”1’/1) V2 )
Yx,)ER?, Tyi(x,y)=|—x+—|vi- =yl
(x, ) .L(X,Y) (”,1 vé( 1 ul y Uéy
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Proof. Writing, for (x,y) € R2, Ty p(x,y) = (ax + by,cx+dy) with (a,b,c,d) € R* and solving the two
systems coming from the conditions Ty, ;(u],0) = (u1,0) and Ty (v}, v5) = (v1, v2) leads to the unique
solution given in the statement. (]

3. Sticky disk potential and consequences

The goal of this section is to show how Brass’ results [12] on configuration with maximal shortest
distances gives a complete solution of the crystallization problem for Ej.; defined by (1.3) where | - || isa
arbitrary norm and V = Vg is the Heitmann—-Radin sticky disk potential defined by (1.2). Notice that the
problem is invariant by translation. We write, for all N € N\{0, 1},

&) (N) = min_Ej. (Xp).
XNCR2

3.1. Two key constructions. We start to describe two key constructions of configurations with N points
on A, and 72 appearing respectively in [32] and [12, Section 5]. These will be our canonical minimizers.

Let N € N\{0, 1}, then we define Hy and Zy as follows:

¢ Hy is an incomplete regular fully filled hexagon with N points on A; in the following sense. Let s be
the maximal integer such that N € [k, hgi1 — 1] where

RES 3s2+3s+1,
then there exists a unique pair (k, j) € [0, 5] x [0, s] such that
N=3s2+3s+1+(s+Dk+]j,
s=max{/ eN: N € [hy, hps1 —11}.

For a geometrical understanding of this decomposition, notice that h; is the (s+1)th centered hexagonal
number, i.e., the number of points on A; filling a perfect full regular hexagon F; with s+ 1 points on each
6 sides (see, e.g., the set of blue dots in Figure 1). Therefore, N — ks = (s + 1)k + j is the number of points
filling the next layer of the “next” regular hexagon where k sides B ; with s+ 1 points each are filled (in
the direct sense or rotation) and j is the number of the remaining points R; x, ;. Therefore, such set of
points can be written using complex numbers, defining x}, ,, s := e’P™'3 (m + ne''3), as follows:
Hy = F; UBs,k U Rs,k,j,
where
Fs={xh os:(mn,p) eNxNx[0,5],m+n<s},
Bsi={xpns: (m,n,r) eENxN* x[0,k—-1],m+n=s+1},
Rokj={xk i (mm eNx[1,jl,m+n=s+1}.

An illustration of this construction can be found on Figure 1. It has been shown in [32] that, for all N €
N\{0, 1}, Hy has exactly [3N — V12N - 3J pairs of points with unit euclidean distances, which means that

Ey, (Hy) = - |3N - VI2N=3].
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Ficure 1. Construction of the configuration Hy for N = 26. In this case,
(s,k,j) = (2,2,1) and we verify that the number of unit distances is indeed
|_3 x26—1+12x 26— 3J = 60. Blue dots e correspond to F,, green crosses + to By and
the red cross x to Ry 2 1.

« Zy is an incomplete full filled octagon with N points on Z2. Contrary to the construction of Hy given
above which is rather easy to explain and for which we are able to give the exact coordinates of each point
with a simple formula, the case of Zy is far more complicated. Therefore, we have chosen to give a similar
explanation to the one given by Brass in [12, p. 208-209] with a bit more detail. First, let N € N\{0,1} and s
be the maximal integer such that N € [z, z;+1 — 1] where

zg:=7s° +4s+1,
then we call i € [0, 2541 — z5 — 1] the integer such that
N=7s*+4s+1+1i.

Notice that z; is the number of points on 72 filling a perfect full regular (for | - ||»,) octagon F, with
s+ 1 points on each of its 8 sides. Let us call {A, B,C, D, E, F,G, H} the sides of F, starting with the left-
most side and in clockwise direction (see Figure 2). Thus, the i next points (if i # 0) are added to the
sides in such a way that a maximum of unit distances is created by each new point: i.e., in the order
H,AB,C,D,B,E,F,D,C,D,E, F,G by always filling up a side until no further point of degree 4 can be
added, before starting a new side (i.e., a new layer) by adding a point of degree 3. In Figure 2, we have
depicted how add points one by one (the points are labeled exactly as N) to F; and F; in order to fill
entirely F3, giving in one picture all the configurations Zy for N € {2, ..., z3 = 76}.

It has been shown in [12] that, for all N € N\{0,1}, Zy has exactly [4N — 28N — 12| pairs of points
with unit distances for the infinite norm, which means that

Ej(ZN) =~ [4N— \/MJ .

Remark 3.1. We chose not to give the arguments explaining how to get the total number of edges for the
minimal-distance graph of Hy and Zy to keep our paper as short as possible. For the first one, details
can be found in [32, 28]. For the second one, some details that we have carefully checked are given in [12].
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Ficure 2. Construction of the configuration Zy for N € {2, ..., z3 = 76}. Solid lines mate-
rialize the boundary of the fully filled octagons F;, i €{2,3,4} whereas dashed lines cor-
respond to the other edges of the minimal-distance graph associated to Zy (for | - lloo)-
The location of each new added points, to pass from Zy to Zy, is indicated by the
labels (i.e., the numbers correspond to the values of N). {A,B,C, D, E, F,G, H} are the
names of the sides (up to translation). Blue dots ® corresponds to F», red crosses x are
the points added to F, in order to fill F3 and orange diamonds ¢ are the points added
to F3 in order to fill ;.

3.2. Crystallization for Heitmann-Radin potential with arbitrary norm. We can now state the follow-
ing crystallization result for Ej. ensuring the existence of a lattice’s patch as a minimizer and giving the
precise value for &) (V) with respect to the norm’s kissing number.

Theorem 3.1 (Crystallization for Ej.|). Let N € N\{0,1}. Let || - || be a norm on R? and E). defined in (1.3)
with V = Vyr the Heitmann—Radin sticky disk potential defined by (1.2). We have:
V) ifll- Il € g, then
& (N) = — [3N— V12N - 3J ,
achieved only for X being a patch of a lattice Ly .| (up to isometry), in particular for Xy = T (Hn)
where Tj.| € £ ([R?,R?) maps A to Ly..
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2 ifll- Il € A3, then
& (N) = — [4N— V28N - 12J ,

achieved only for X being a patch of a lattice L).| (up to isometry), in particular for Xy = T}.; (Zn)
where T).; € £ R? R?). maps Z° to L.

Furthermore, L. is an asymptotic minimizer of E|.| in the sense of the thermodynamic limit, i.e.,

.G N)  k per 1
Vke{6,8}, V|-leAM, lim ———=—-=E "(Ljy):== Var(lpl),
N—+oo N 2 I ZPEZLM
p#(0,0)

where Eﬁ’. ir (Ly-)) is the energy per point of Ly.| for the interaction potential Vig.

Proof. Itis clear that minimizing E.; is equivalent—since the number of pairs at distance 1 is multiplied
by —1 in the energy—to find a configuration Xy of N points in the plane such that d(Xy) = 1, and with
a maximal number of pairs at distance 1. This is therefore the same as finding a configuration such that
the maximum number of occurrences of the smallest distance in a set of N points is achieved (up to a
simple dilation). This problem has been studied by Brass in [12, Theorem 3] where it has been shown
thatif Sy, is (resp. is not) a parallelogram, i.e., when |- || € A3 (resp. %) then this number of occurrences
is [4N — V28N —12] (resp. [3N - V12N -3]).

These two cases correspond to the two presented in Brass [12, Section 5] where the following has been
shown:

(1) if || - | € A%, then the euclidean norm is the prototypical case for which the minimizing config-
uration a subset of A, achieved by the Heitmann—-Radin’s construction of Hy we have recalled
above. Indeed, for each || - || € A% there is an affine image of A, in which euclidean smallest dis-
tances are mapped on smallest distances of that norm. So each of the minimizers in the || - ||»
case, which are known to be subsets of A, as shown in [32], corresponds to a set with the same
number of smallest distances with respect to || - ||. Therefore, that ensures the existence of the
linear map Tj..

(2) if || - | € A3, the same strategy is used for the infinite norm | - ||, instead of the euclidean one,
which gives Z? instead of A; as shown by Brass, and for which Zy is optimal and ensures the
existence of a linear map Tj.; such that a minimizer is given by T} (Zn).

Furthermore, in both cases, any minimizer has to be a subset of L., up to isometry, since it has been
shown by Brass (and also Heitmann-Radin) for the triangular case and by Del Nin and De Luca [21]
for the square case that minimizers are necessarily subsets of A, for the euclidean norm and 72 for the
infinite norm. If there were a minimizer, for || - | € {l| - 2, Il - oo}, being not a subset of the corresponding
lattice L., there would be, by linear transform, another minimizer being not a subset of A, or Z2 in the
euclidean or infinite norm case, which is impossible.

The fact that L. is asymptotically minimal in the sense of the thermodynamic limit is easy to show
using the exact value of &) (IV) (but also totally straightforward using the kissing number as in the proof
of [6, Theorem 2.1]). The energy per point is therefore

1 1 1

3 Y VarUph== ) —1=—§K||.|\,
PELy peLylipli=1
p#(0,0)

which completes the proof. |
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Remark 3.2 (Lowest possible energy among norms and configurations). From this result, we automatically
have

min - min Fj(Xy) = - 4N - V28N - 12|,
R

Il norm on R2 Xyc
achieved for any norm || - || € A3, i.e., a norm with a unit sphere being a parallelogram.

Remark 3.3 (Uniqueness). It is important to notice the following: Theorem 3.1 does not claim that
T.1 (Hn) or Ty (Zn) is the unique minimizer (up to isometry) of Ej.;. This fact can be only stated for
Ty (Hn) and for special values of N, using a result by De Luca and Friesecke for the euclidean case [18].
Since we do not know the same for Zy, we have chosen not to state any partial result of this kind.

Furthermore, let us mention that non-uniqueness for minimizers as well as the next-order term of
order N34 in the asymptotics of the energy as N goes to infinity (including the Wullf shape) have been
investigated, in the euclidean sticky disk or for other short-range interaction models, for instance in [42,
17, 35].

Furthermore, Lemma 2.8 gives explicit formulas for Tj.; (once L. is known).
Corollary 3.4 (Explicit linear maps). Let L € £, be written in its reduced form L = Z(u1,0) ® Z(vy, v2) as
in(2.1).
(1) There exists a unique linear transform Tp, 1. such that Ta, 1.(A2) = L which is given by ¥ (x, y) € R?,
TAg,L(xvy) = (u1x+ \/ig (yl - %) ¥ \%sz)-
(2) There exists a unique linear transform T2 1 such that Tz, 1(Z%) = L which is given by ¥ (x, y) € R?,
Tz2, 1 (x,y) = (1 x+ V1Y, V2)).
3.3. Consequences for the p-norms.
Corollary 3.5 (Crystallization for the p-norms). Let N € N\{0,1}. Let| - ||, be a p-norm, p = 1, and E”.Hp
defined in (1.3) with V = Vg the Heitmann—Radin sticky disk potential defined by (1.2).

(1) Ifp=1, then &), (N) = — |4AN — V28N — 12| achieved for Xy = T1(Zy) where
11 2 _ Yy
E,E)effz, Y(x,y)eR ,T1(x,y)—(x+§»§)~

() Ifp=oo, then &), (N) = — |4N — V28N — 12| achieved for Xy = Zn < Z*.
@) Ifp>1, p#oo, then &, (N) = - |3N - V12N - 3| achieved for Xn = Tj,(Hy) < L, where

Ly=7(1,008Z

1 1\Vp , 2 1\Vp
LP':Z(LO)@Z E’(l_z_p) €L, V(X,y)ER ;Tp(x;y)z X,E(l—z—p) vl

Proof. First, it is known—by a strict convexity argument—that the unit sphere for | - || ,, where p € [1,00],
is a parallelogram if and only if p € {1,00}. This gives, by Theorem 3.1 and Lemma 2.3, the minimal
energies as well as the fact that a minimizer is the image of Zy (for p € {1,00}) or Hy (for finite p > 1) by
alinear map. It remains to find the appropriate lattice as well as its associated linear map.
By simple computations of distances, the kissing numbers are achieved by

« the set of 8 points {(+1,0),(0,+1), £(3,1), (£, 73)} on Sy,

e the set of 8 points {(+1,0), (0, +1),£(1,1), (1, F1)} on Sy,

« the set of 6 points {(11,0), + (%, (1- ZLp)l/p) , (J_r% F(1- ZLP)”P)} on S, p> 1.
Therefore, we automatically obtain the lattices L, and we use Lemma 2.8 to get T, since Ty = T2 ;, and
Ty = Ta, L, where p> 1. O
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Remark 3.6 (Square versus octagon). In the p = oo case, even though any minimizer is a subset of Z2, the
boundary of Zy, when N is a square number, is not a square but an octagon, which is due to the value of
the kissing number (8). See, for instance, Figure 3 where a perfect 4 x 4 square and Z; are compared.

Ficure 3. For N = 16 and the infinite norm |- [, the perfect 4 x 4 square configuration
(on the left) has 42 edges whereas the true minimal configuration Z;s (on the right)
has 43 edges.

Example3.7. As examples, we have constructed the minimizers for the p € {1, 3} cases in Figure 4 below.

0.2

—04

FiGURE 4. Minimizer of E”.”p for (p, N) = (1,12) (on the left) and (p, N) = (3,19) (on the right)

The following result gives an infinite family of norms, based on p-norms, implying crystallization on
a given lattice L.
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Proposition 3.8 (Norms implying crystallization on a given lattice). Let L € £, written in its reduced
form L=27(uy,0)® Z(vy, v2) as in (2.1), then forany p € [1,00], if N 1 : R? — R is defined by

1 1 (1 v p LY IylP .
M—1x+v—2(§—u—i)y‘ +(1—2—p)7 lprl

p
V(x1,X) € RZ, Np,1(x1,Xp) = \/

max( 1 U1

uy Y

’

1 .

,,—Zy)) ifp=o0,

then Ny, is a norm and En,  is minimized by a patch of L, the latter being therefore an asymptotic mini-
mizer in the thermodynamic limit sense for the energy.

Proof. Let p € [1,00]. With the notations of Corollary 3.5, let T,,,;, mapping L), to L. We look for N, ; of
the form Np,; = ||-||po T with T being an isomorphism from R? to R2, which ensures the fact that Ny, will
be a norm. Therefore, writing S (resp. ') the unit sphere for N1 (resp. |- ] p), we have, since T L, 1(8Hh=S8
is unique,

S=N, N =(-lpe DA = TO=I-1,' )= <= T=T, =Ty,
We then easily compute, using Lemma 2.8, for all (x, y) € R? and p=1, p#oo,
T e 1 +1(1 vl) 1(1 1)”P T ) 1 v 1
X, =l —X I y T - ) X, =|—X—- y T y
L.Lp Y ux vo \2 ux y V2 2P Y L Lo Y ux uy Ugy llgy

and we get the desired result by composition. Moreover, the asymptotic minimality of L is a consequence
of Theorem 3.1. ]

Remark 3.9 (Possible generalizations). We could obviously choose other norms by composing with the
appropriate linear maps, e.g., writing all Ny, 1’s expressions as || - [l © T with a certain isomorphism T.

Example 3.10 (Different ways to get a minimizing triangular patch). By Proposition 3.8, we see that our
model can crystallize on a triangular lattice A, in different ways. For instance:

¢ by considering | - |2 for which the minimum of Ej., is directly a patch of A, with the hexagonal
basis of Hy (see Figure 5 on the left);

* by considering Ny, a, for which the minimum of En_ ,, is also a patch of A, but with a octagonal
basis inherited from Zy (see Figure 5 on the right).

We therefore get two different configurations with a lower energy in the Ny, a, case.

INONINGS, XEESEST
\VAVAVAVARV A vL v/

FIGURE 5. Minimal configuration for N = 16 for E.|, (on the left) and E Noo, (on the right).
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Remark 3.11 (Open problems). In this paper, we do not investigate

(1) any short-range perturbation of Vg as it was originally done by Radin in [38] or later by Au
Yeung, Friesecke, and Schmidt [27] in the euclidean case. However, we strongly believe that
Theorem 3.1 still holds—but maybe not uniformly in || - |—for perturbations of Vi with strong
repulsion before 1 — a, a minimum equal to —1 at r = 1, and the potential vanishing after 1+ g,
with sufficiently small «, § > 0;

(2) any properties of the Wulff shape, i.e., the minimizer of the macroscopic (continuous) energy
corresponding to Ej.; for fixed volume (see, e.g., [15]), for the potential Vijr. This Wulff shape will
probably be, in the || - || € A5 case, a linear transformation of the one found in [27], whereas the
Il -1l € A5 case ask a thorough study and will probably yield a shape with octagonal symmetry.

(3) anylong-range perturbation of Vjg as it was done by Theil in [46] in the euclidean case. However,
we again believe that an infinite family of long-range perturbations of Vg can be constructed in
such a way that an analogue of Theorem 3.1 holds.

3.4. Connection with the soft potential Vgpp from [6]. As recalled in the introduction, the first author,
de Luca, and Petrache showed in [6] the first crystallization results, in the sense of the thermodynamic
limit, on Z2. Using the same strategy as in Theil’s work [46], the minimality of the square lattice for the
two-body energy Egpp with potential V = Vgpp defined for Xy € (RHN by

N N +oo ifrefo,1)
Y Y Veep(lxi—xjll2),  ¥r=0, Vgpp(r)=4 -1 ifrefl,v2]
“Ti#j j=1 0 ifr >v/2,

as well as some of its perturbations (short- and long-range) has been proven. In the finite IV case, though,
no crystallization result for this system is known. We can write the following result giving the minimal
energy when the points are constrained to be on the square lattice.

1
Egpp(XN) = =
2,

Proposition 3.12 (Minimality for Egpp on 72). Let N e N\{0,1}. Then

min g (Xn) = )1, (N) = - [4N - V28N - 12|,
Xne@Z2)N

achieved for X = Zy.

Proof. If we consider only points on Z?, it is clear that the pair distances giving a non-zero finite energy
are exactly 1 and /2, which allows us to say that minimizing Egpp on Z? is equivalent to minimizing
Ej.1., on Z?, which gives exactly the same minimizer and minimal energy as in the general case on R.
Therefore, using Corollary 3.5, the result is proved. (|

Furthermore, it has been shown in [6, Theorem 2.1] that a vertex in the minimal-distance graph of a
minimal configuration has maximum degree 8 and, if this number is achieved, then the configuration
composed by these 9 points (the point and its 8 neighbors) is, up to an isometry, a subset of Z2. Since we
believe that a minimizing configuration for Egpp has to have the maximum number of (interior) points
with 8 neighbors, we conjecture that a minimizer (maybe not all of them?) must be a subset of Z? and
that the following statement should hold.

Conjecture 3.2 (Minimality for Egpp in general). For all N e N\{0, 1}, we have

min  Egpp(Xn) = &).j (N) = — {41\1— V28N - 12J ,
XNE(RZ)N

achieved in particular for XN = Z.
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Remark 3.13 (Rigidity and minimizers). Let us add that, in contrast to the | - ||, case where there exists
a certain rigidity (the energy selects only the lattice Z2, up to translation), the isotropy assumption in
the BDP case, all rotations of Z? are potential energy minimizers. One of the main challenges in that
context lies in ruling out polycrystalline structures as energetically favorable as for instance in [26] in the
triangular lattice case.

4. Lennard-Jones problem among lattices with an arbitrary norm

The goal of this part is to consider a classical example of attractive-repulsive potential widely used in
molecular simulation and known to be a good approximation for illustrating some physical or chemical
behaviors (see [1, Section 6.3]): the Lennard-Jones potential

2

* 1
VL]IR+—>R, rHVLI(r):m_E.

In this paper, we do not cover the whole family of Lennard-Jones type potentials written as r — - — r—bq,
(a,b) € ([Rj)z, p > q > 2 since the euclidean norm case seems to show a uniform behavior for the
minimizer of the corresponding energy (see [1]). Contrary to the very simple attractive-repulsive
Heitmann-Radin sticky disk potential, absolutely no rigorous crystallization result is available in the
two-dimensional euclidean norm case, whereas many results are known in dimension one [49, 29]. An
interesting—but still difficult—object to study is the Lennard-Jones energy per point for lattices (i.e.,
the interaction between the origin and all the lattice points) for which many results are known in the
euclidean case [1, 4, 3, 34, 5, 44].

For all L € %,, we define

L] — 1 2 —
EyyILl = pg{o} (W “pE) T L1 (12) =241, (6),

where the Epstein zeta function, with parameter s, associated to the norm || - || is defined by

1
Vs>2, (9= ) —,
penvoy 121l

which is again an energy per point, associated to the potential Vs : R} — R, r— Vi(r) = %

Notice that if, for all N € N*, Ly < L is a lattice patch with N points such that Ly — L as N — +oo
(for instance Ly = Ky n L with a sequence of compact sets Ky such that §Ly = N and Ky — R?), then,
respectively for V = Vi and V = V; with E). defined again by (1.3),

Eyy (L Eyy (L
lim 21N N)=2ELI‘[L], Jlim 1)

N—+o0o N Il —+00 N - ZCL'”.” (s).

These double sums are absolutely convergent—by equivalences of all norms in R? and since this is true
for the euclidean one. Furthermore, the Epstein zeta function satisfies the following homogeneity for-
mula:

(4.1) Vs>2, YA>0, {apy(8)=A"Crp (9.

The following result, mainly based on (4.1), is similar to the one shown in [5, Theorem 2.6] (see also [8,
Theorem 1.11]) and can be generalized to any Lennard-Jones type potential. It allows us to simplify
the problem of minimizing EH on %, into the minimization of another lattice energy on the smaller
space Z£»(1).



40 Laurent BETERMIN, Camille FURLANETTO
Proposition 4.1 (Minimal Lennard-Jones energy among dilated lattices). Forall L€ £,(1),

(2 . 6) ( 1(12) 1/6
AL = BV (A, 1) = — B> L) )
ALI= By ALkl = -7 " 12) CL11(6)

Proof. Forall A>0andall Le %»(1), (4.1) implies that

B ALY = Car o (12) = 282,14 (6) = A7120 1,1 (12) = 2A7%¢ 1.4 6),

e (L) := mln EY

i where A := (

and therefore

d 1(12))\V6
—EY ML 20 = -12A78¢;,A2+12477¢1(6) 20 = AzALz(M) :

dA I {L)-1(6)
This proves that the minimum of 1 — E” A [AL] is achieved at A = A;. The value of this minimum is
given by
_ _ 2
4} ||~u(12)) 2 (CL ||~||(12)) ! CLi1®)
e (L) =E [/1 L] = ( . 1 12) =2 ——=— 11(6) = ———. O
I o NG CLi NG CL (2

In the euclidean norm case, the methods to find the minimizer A, A, of the Lennard-Jones energy
in &> are all based on the minimality of A, in #£>(1) proved in [40, 14, 25, 23, 37] for {1 )., (s) for all
s > 2 (see [34, 5]). In particular, the first author proved in [5] the optimality of \/%Ag for e).|,, using
a computer-assisted proof that actually allows us to generalize this result to other chosen exponents
(rather than 12 and 6). For the general norm case, it is unclear what lattice minimizes (. (s) in Z»(1).
As a first incursion in this new minimization problem, we propose a very simple numerical study of the
Epstein zeta function (L,”.”p(s), s € {6,12}, associated to some of the p-norms |- ||, on £>(1), as well as
the same question for the Lennard-Jones energy EHI,; in %,, which is the same, by Proposition 4.1, as
minimizing ey, in Z>(1).

We therefore parametrize any L € %, (1) by (x, y) in the half-fundamental domain 2 defined by (2.2)
which allows us, via (2.3), to write, for any norm | - || on R2 and any s > 2,

1
CL'"'”(S):n% (m+nx \/_) 5
VY
-6 2

(Il

ey (L) :=min By (AL] = (m+nx \/_) 2
y
mn \/_

where all these summations are for (1, n) € Z2\{(0,0)}. We recall (see Remark 2.7) that in this parametriza-
tion, the square lattice Z? is parametrized by (0,1) and the triangular lattice , /lAz (where the coeffi-

cient , / 5 ensures the density to be one) is parametrized by (1 f) (0.5,0.8660254) in 9.

Usmg at the same time the Nelder-Mead minimization algorithm and the contour plots (in order to
avoid finding only local minima)—see for instance Figure 6 for examples—of the above functions, we got
the following observations.
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FiGURE 6. Level curves of L — {r,.;,(6) (top left, with an optimal square lattice), L —
{1,115 (6) (top right, with an optimal lattice parametrized by = (1/2,1.098), ¢|.|, ; (bottom
left, with an optimal triangular lattice) and e._, (bottom right, with an optimal square
lattice) on a part of 2.

* Numerical results for the Epstein zeta function. For the problem of minimizing L — {p,.,(s) in £>(1)
for s € {6, 12} we found the existence of p, > p; > 1 such that:

- if p € [1,2], the minimizer is \/%Ag,

- if p € (2, p1), the minimizer is parametrized by a point of the form (1/2,y,) where p — y, is
increasing from V3/2to =0.97,

- if p € (p1, p2), the minimizer is 72,

- if p > p», the minimizer is parametrized by a point of the form (1/2, y,,) where p — y,, is decreas-
ing from = 1.097 and going to Y., = 1.095 as p — +oo.

The value of (py, p2) belongs to (2.4,2.5) x (5.4,5.5) for s =6 and to (2.7,2.8) x (8.9,9) for s = 12.

The above phase transition of the minimizer with respect to the p-norm is at the same time intriguing
and new even though other numerical [36] and theoretical [1, Prop. 3.4] results have been given in the
past concerning the optimality of non-triangular lattices for purely repulsive convex potentials. Further-
more, except for p = 2, it seems that L, does not play any role in this minimization process. We find the
triangular phase p € [1,2) as well as the square one p € (p;, p2) really unexpected.
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* Numerical results for the reduced Lennard-Jones energy. For the problem of minimizing L — ey, (L)
in %, (1), we found the existence of p; € (1.2,1.3), p2 € (3.6,3.7), and ps € (3.8,3.9) such that:

if p = 1, the minimizer is 72,
if p € (1, p1), the minimizer is parametrized by a point of the form (¢, /1 - E%) for very small ¢,
such that p — €, increases,

if p € (p1,2], the minimizer is \/%Az,

if p € (2, p2), the minimizer is parametrized by a point of the form (1/2,y,) where p — y, is
increasing from V3/2 to = 0.99,

if p € (p2, p3), the minimizer is parametrized by a point of the form (xp, yp) where p — x, is
decreasing from 1/2 to 0 and p — y,, is increasing from 0.99 to 1,

p € (p3,o0], the minimizer is Z2.

This type of phase transition with respect to the norm is again new and interesting. Whereas the
p € {1,2,00} cases are similar to what we showed in Corollary 3.5, i.e., a multiple of L, is optimal, the
other cases are quite surprising. For the latter, the local and global effect of the Lennard—Jones potential
seems to perturb the local effect of the norm (given by Corollary 3.5). Notice that an attractive-repulsive
potential having not a triangular lattice as global minimizer (but a square one) has been designed by the
first author and Petrache in [8, Prop. 1.17].

According to our simulations, we can write the following conjecture concerning the optimality of the
triangular and square lattices. We could write a more general conjecture from our numerical observa-
tions, but since the shape of the other minimizers seems a bit vague, we prefer to only focus on A, and Z2.

Conjecture 4.1 (Minimality for Epstein zeta functions and Lennard-Jones energy). Lets > 2. There ex-
ists1< p1 < p2 and 1 < p3 < p4 such that, up to rotation,

@

2

concerning L — (L,||-||,, (s) in £ (1),
. « e . . L
forall p € [1,2], the minimizer is ,/ \/gAz,
e forallp e (p1, p2), the minimizer is Z2.
concerning L — EHIp (L) in %,

o forall p € (p3,2], the minimizer is Ap, Az,
e forall p € {1} U (p4, 0], the minimizer is 1,2 Vi3

Remark 4.2 (Open problems). Many other attractive-repulsive potentials can be taken into consideration:
differences of Yukawa, Gaussian, or Coulomb potentials as it was done very recently by Sun, Wei, and Zou
in [44] in the classical euclidean norm case. For all these potentials, two interesting questions emerge:

What is the minimizer of their lattice energies in #»? One could guess that the minimizer follows
again the above numerical observations. Without the homogeneity “trick” explained above, this
seems technically difficult to handle.

What are the minimizers at fixed arbitrary density of their lattice energies? Here, a phase diagram
—as the one described in [2, 48, 34, 44] in the euclidean case—could be done. This seems to be
numerically accessible but technically challenging.

What is the expected Wulff shape in the limit of a large number of particles for the Lennard-Jones
potential and an arbitrary norm? In the isotropic triangular lattice case, this question has been
partially addressed in [22]. In the general p-norm case, one might speculate that the boundary
of the Wulff shape would be hexagonal for | - ||, with p € [p3,2) and octagonal for | - ||, with
p €{1} U (pa,o0].
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