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Whiskered KAM tori of conformally symplectic systems

Renato C. CaLLEjA™, Alessandra CELLETTI & Rafael DE LA L1LAVE

(Recommended by Leonid Polterovich)

ABsTRACT. We investigate the existence of whiskered tori in some dissi-
pative systems, called conformally symplectic systems, having the prop-
erty that they transform the symplectic form into a multiple of itself.
We consider a family f, of conformally symplectic maps which
depends on a drift parameter .

We fix a Diophantine frequency of the torus and we assume to have
a drift yo and an embedding of the torus Ky, which satisfy approxi-
mately the invariance equation f,, o Ko = Koo T,, (Where T, denotes
the shift by w). We also assume to have a splitting of the tangent space
at the range of Kj into three bundles. We assume that the bundles are
approximately invariant under Df,, and the derivative satisfies some
rate conditions.

Under suitable nondegeneracy conditions, we prove that there exist
Hoor Ko invariant under f),, close to the original ones, and a splitting
which is invariant under Df, . The proof provides an efficient algo-
rithm to construct whiskered tori. Full details of the statements and
proofs are given in [10].

1. Introduction

A whiskered torus for a dynamical system is an invariant torus such that the motion
on the torus is conjugated to a rotation and has hyperbolic directions, exponentially
contracting in the future or in the past under the linearized evolution [2, 1]. Whiskered
tori and their invariant manifolds are the key ingredients proposed in [2] of the so-called
Arnold diffusion in which solutions of a nearly integrable system may drift far from their
initial values.

Whiskered tori have been widely studied mainly for symplectic systems (see, e.g.,
[22, 17, 18]); in this paper we go over the results of [10] and we consider their existence
for conformally symplectic systems [3, 8, 16, 28], which are characterized by the fact that
the symplectic structure is transformed into a multiple of itself. Conformally symplec-
tic systems are a very special case of dissipative systems and occur in several physical

Received January 24, 2019; accepted May 22, 2019.

2020 Mathematics Subject Classification. 70K43, 70K20, 34D30.

Keywords. Whiskered tori, Conformally symplectic systems, KAM theory.

Acknowledgements. R.C. was partially supported by PAPIIT-DGAPA grant 1A102818 & IN 101020. A.C.
was partially supported by GNFM-INdAM, EU-ITN Stardust-R, MIUR-PRIN 20178CJA2B “New Frontiers of
Celestial Mechanics: theory and Applications” and acknowledges the MIUR Excellence Department Project
awarded to the Department of Mathematics, University of Rome Tor Vergata, CUP E83C18000100006. R.L.
was partially supported by NSF grant DMS-1800241. Part of this material is based upon work supported by
the National Science Foundation under Grant No. DMS-1440140 while the authors were in residence at the
Mathematical Sciences Research Institute in Berkeley, California, during the Fall 2018 semester.

* Corresponding author.



16 Renato C. CALLEJA, Alessandra CELLETTI, Rafael DE LA LLAVE

examples, e.g. the spin-orbit problem in Celestial Mechanics, Gaussian thermostats,
Euler-Lagrange equations of exponentially discounted systems [12, 28, 14, 15, 27].

The existence of invariant tori in conformally symplectic systems needs an adjust-
ment of parameters. This leads to considering a family f,, of conformally symplectic
maps depending parametrically on g. Our main result (Theorem 4.1) establishes the
existence of whiskered tori with frequency w for f,, for some y; Theorem 4.1 is based
on the formulation of an invariance equation for the parameterization of the torus, say
K = K(6), for the parameter u and for the splitting of the space. The invariance equation
expresses that the parameterization is invariant under the map f;, and the splitting is
invariant under D f,,. The main assumption of Theorem 4.1 is that we are given a suffi-
ciently approximate solution of (2.2) with an approximately invariant splitting. We also
need to assume that the frequency w is Diophantine and some nondegeneracy condi-
tions are met. We note that the nondegeneracy conditions we need to assume are alge-
braic expressions depending only on the approximate solution and its derivatives. We
do not need to assume any global properties (such as twist) for the whole system. We
also note that Theorem 4.1 does not assume the system to be close to an integrable sys-
tem. Theorems where the main hypothesis is that there is an approximate solution with
some condition numbers are called “a-posteriori” theorems in the numerical analysis
literature.

The proof of Theorem 4.1 is based on showing that a Newton-like method started on
the approximate solution converges. At each step of Newton’s method, the linearized
equation is projected on the hyperbolic and center subspaces. The equations on the hy-
perbolic subspaces are solved using a contraction method (see, e.g., [7]). The invariance
equation projected on the center subspace is solved using the so-called automatic re-
ducibility: taking advantage from the geometry of a conformally symplectic system, one
can introduce a change of coordinates in which the linearized equation along the center
directions can be solved by Fourier methods.

Remarkably, we show the center bundles of whiskered tori are trivial in the sense of
bundle theory, i.e., they are homeomorphic to product bundles. On the other hand, we
allow the stable and unstable bundles to be nontrivial in the sense of bundle theory,
and there are examples of this situation. Note that nontrivial bundles do not seem to be
incorporated in some of the proofs based on normal form theory.

We remark that we do not use transformation theory unlike the pioneering works
[24, 4, 5]; we do not perform subsequent changes of variables that transform the system
into a form which admits an invariant torus.

Whiskered tori were studied with a similar approach in [17, 18]; the results in an
a-posteriori format were proved in [17] for the case of finite-dimensional Hamiltonian
systems, while generalizations to Hamiltonian lattice systems are presented in [18] and
to PDEs in [22].

The method introduced in [20] (see also [21, 8, 11] for an application to quasi-periodic
normally hyperbolic invariant tori) has several advantages: it leads to efficient algo-
rithms, it does not need to work in action-angle variables, and it does not assume that
the system is close to integrable. Hence, the approach is suitable to study systems close
to breakdown and in the limit of small dissipation. This allows us to study the analyt-
icity domain of K and p as a function of a parameter ¢, such that the limit of € tending
to zero represents the symplectic case. Note that the limit of dissipation going to zero
is a singular limit. Full dimensional KAM tori in conformally symplectic systems have
also been considered in [26, 23]. The first paper is based on transformation theory and
the second also includes numerical implementations comparing the methods based on
transformation theory and those based on studying (2.2).
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Our second main result, Theorem 7.1, shows that if we introduce an extra perturba-
tive parameter € such that f; is a symplectic map with a solution Ky, iy as in (2.2), then
this map can be continued to K, p, which are analytic in a domain obtained by remov-
ing a sequence of smaller balls from a ball centered at the origin. The centers of the
removed balls lie on a union of curves and their radii decrease quickly as they approach
the origin (see also [9, 6]). The proof is based on the construction of Lindstedt series,
whose finite order truncation provides an approximate solution of the a-posteriori the-
orem. We conjecture that this domain is essentially optimal.

The rest of this paper is organized as follows. In Section 2 we provide some prelimi-
nary notions; Section 3 presents some properties of cocycles and invariant bundles; the
main result, Theorem 4.1, is stated in Section 4; a sketch of the proof of Theorem 4.1 is
given in Section 5; an algorithm allowing to construct the new approximation is given in
Section 6; the analyticity domains of whiskered tori are presented in Section 7.

2. Preliminary notions

This section is devoted to introducing the notion of conformally symplectic systems,
the definition of Diophantine vectors, invariant rotational tori, and the introduction of
function spaces.

We denote by .# = T" x B a symplectic manifold of dimension 2n, where B < R”
is an open, simply connected domain with smooth boundary. We endow .# with the
standard scalar product and a symplectic form Q, which does not necessarily have the
standard form. For systems in the limit of small dissipation (see Section 7), we assume
that the form Q is exact.

Definition 2.1. A diffeomorphism f:.# — ./ is conformally symplectic if there exists
a function A such that

@.1) ffa=1Q.

We will assume A to be constant, which is always the case when n = 2 (see [3]), since
whiskered tori exist only for n = 2.
Denoting the inner product on R2" by (,-), let J, be the matrix representing Q at x

Qx(u,v) ={u, Jyv)

with JT = —J,.
Frequency vectors of whiskered tori are assumed to be Diophantine.

Definition 2.2. For A1 € C, let v(A;w, T) be defined as

v(d;w,T) = sup (Ieznik"” At IkI_T) .
kezd\{0}

We say that A is w-Diophantine of class 7 and constant v(1; w, 7) if
v(Aw,T) <oo.

A particular case of the definition above is when A = 1 which corresponds to the clas-
sical definition of w. In our theorems, we will assume that w is Diophantine and we will
consider A’s which are Diophantine with respect to it.

We remark that in Theorem 4.1 we will take only A € R, while in Theorem 7.1 we will
take 1 € C.

To find an invariant torus in a conformally symplectic system, we need to adjust some
parameters (see [8]); hence, we consider a family f,, of conformally symplectic maps
depending on a drift parameter (.
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Definition 2.3. Let f,, : .# — ./ be a family of differentiable diffeomorphisms and let
K : T% — 4 be a differentiable embedding. Denoting by T,, the shift by w € R%, we say
that K parameterizes an invariant torus for the parameter p if the following invariance
equation is satisfied:

(2.2) fuocK=KoT,.

Equation (2.2), which will be the centerpiece of our study, contains K and p as un-
knowns; its linearization will be analyzed using a quasi-Newton method that takes ad-
vantage of the geometric properties of conformally symplectic systems. We remark that
if (K, w) is a solution, then (K o Ty, ) is also a solution. We also show that local unique-
ness is obtained by choosing a suitable normalization that fixes a.

To estimate the quantities involved in the proof, we introduce an analytic function
space and a norm.

Definition 2.4. Let p >0 and let Tg be the set
T8={zeC?2%: Re(z)) €T, |Im(z))I<p, j=1,..d}.

Given a Banach space X, let «/,(X) be the set of functions from Tg to X, analytic in

Int(Tg ) and extending continuously to the boundary of Tg. We endow </, with the fol-
lowing norm, which makes </, a Banach space

I fllez, = sup |f(2)].

d
zeT),

The norm of a vector valued function g = (g, ..., g») is defined as

_ 2 2
Iglas, = \/g1l2, +...+ lignl?, .

while the norm of an n; x ny matrix valued function G is defined as

1

IGlleg, = sup >
reR2 Jyl=1 \ i=1

no 2
Z 1Gijlles, Xj) .

j=1

3. Cocycles and invariant bundles

Given an approximate solution of (2.2), we will construct a new approximation with
a smaller error. In order to do it, we will need to study products

(3.1) IV =Dfy0KoTj-1yxxDfyoK,
which are quasi-periodic cocycles of the form
3.2) I/ =ygo Tij-nwx Yo

with yg = Df,, 0 K(0). The cocycle (3.2) satisfies the property [J*m =TJ o Ty, I'™. The
study of the invariance equation strongly depends on the asymptotic growth of the co-
cycle (3.1), which leads to the definition below (see [25, 13]). We denote the number of
degrees of freedom by n, the dimension of the phase space by n, and the dimension of
the invariant tori by d.

Definition 3.1. The cocycle (3.1) admits an exponential trichotomy if there exists a de-
composition

_ d
(3.3) R"=EjeE;eEy, feT?,
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rates of decay A- < A; =A< A} <Ay, A_ <1< A, and a constant Cp > 0, such that
vEE, < T/ @) v] < CoAL v, j=0
veEY < [T/ @)vl<CoAllvl, j=<0

T/ @) vl < CoAH) vl, j=0
T/ @)v] < Co(A) vl, j=<0.

(3.4)

veEE; <

Splitting (3.3) determines projections on E}, Eg, Eg which we denote by IT} ,Hg,l'[g.
Let us now consider two nearby splittings E, E; then, for each space in E, we can find
a linear function Ag : Ef — Eg (where Eg is the sum of the spaces in the splitting not
indexed by o), such that

(3.5) Ej ={veR",v=x+Ajx|xe€Ej}.

We denote the orthogonal projections by Pﬁe and define the distance between E and

Eas
dist, (E, E) = | P, ~ Py I, -

From (3.4) it is possible to show (see [19]) that the splitting depends continuously
(Holder) on 6; furthermore, by bootstrapping the regularity, the splitting is proven to be
analytic. Therefore, the projections 17, o = s, u, ¢, are uniformly bounded (see [25]). We
also notice (see [10]) that the bundles characterized by (3.4) are invariant:

YoEg = Eg.,-
3.1. Approximately invariant splittings. For a splitting Ej ® E & E; and a cocycle yy,
let yg'”’ be
6) ve? =g, yoTly
hence, the splitting is invariant under the cocycle if and only if
yg"TIEO, g#a.
The lack of invariance of the splitting under the cocyle y is measured by the quantity
T By = max 1y, -

ag#o’

Now, we introduce a notion of hyperbolicity for approximately invariant splittings.

Definition 3.2. Let y be a cocycle and E an approximately invariant splitting. Then, y is
approximately hyperbolic w.r.t. E if the cocycle

yg's 0 0

fo=| 0 7 0
u,u

0 0 7

satisfies (3.4) with y°*? as in (3.6).

The following Lemma 3.1 shows that if we have an approximately invariant splitting
for an approximately hyperbolic cocycle, then there exists a true invariant splitting.

Lemma 3.1. Fix an analytic reference splitting on Tg and let % be a sufficiently small
neighborhood of this splitting, such that all splittings from this neighborhood can be pa-
rameterized as graphs of linear maps Ay as in (3.5) with || A |l 4, < My for some M; > 0.
Let E be an analytic splitting in the neighborhood % .
Lety be an analytic cocycle over a rotation defined on vg with |yl < M, for some
M, > 0.
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Assume that E is approximately invariant undery
Fp(r,E)=<n

and thaty is approximately hyperbolic for the reference splitting as in Definition 3.2.
Then, there is a locally unique splitting E close to E, invariant under y, which satisfies
the trichotomy of Definition 3.1, and such that

dist, (E,E) < Cn,
where C, 1 can be chosen uniformly and depending only on My, M5.

We refer to [10] for the proof of the closing Lemma 3.1, which is based on the standard
method of writing the new spaces as the graphs of linear maps A? : E° — EZ. The fact
that these spaces are invariant is equivalent to some fixed point equations that can be
solved by the contraction mapping principle. We refer to [10] for details.

4. Existence of whiskered tori
Whiskered tori are defined as follows.

Definition 4.1. Let f, : 4 — .4 be a family of conformally symplectic maps with the
conformal factor A. We say that K : T¢ — _# represents a whiskered torus when for
some w € R%:

(1) Kis the embedding of a rotational torus: fj,0 K = Ko Tj,.

(2) The cocycle D f, o K over the rotation T, admits a trichotomy as in (3.4) with
rates A_, A7, A%, A,

(3) The spaces Ej in (3.3) have dimension 2d.

Theorem 4.1 below states the existence of whiskered tori by solving the invariance
equation (2.2).

Let K, u be an approximate solution of (2.2) with a small error term e: f,0 K—Ko T, =
e. Let A, 8 be some corrections, such that K’ = K+ A, ¢’ = p+ § satisfy the invariance
equation with an error quadratically smaller. This is obtained if A, § satisfy

(DfyoK)A=AoT,+(Dyf)oKpf=—e.

Theorem 4.1. Letw € D4(v,7), d < n, beasin (2.2), let f,: M — M, € R4, be a family
of real analytic, conformally symplectic mappings as in (2.1) with 0 < A < 1. We make the
following assumptions.

(H1) Approximate solution:

Let (Ko, o) with Ko : T4 — M, Ky € oy, and g € RY represent an approximate
whiskered torus for f,,, with frequency w:

I fupoKo— Koo Twller, <&,  €>0.

To ensure the composition f,, o K can be defined, we assume that there exists a domain
U < C"/Z2" x C" such that for all p with |u— ol =n, f, is defined on % and

@.1) dist(Ko(T4),C"/1Z" x C"\ %) = 1.

(H2) Approximate splitting:

Forall0 € Tg, there exists a splitting of the tangent space of the phase space, depend-
ing analytically on the angle 6 € Tg ; the bundles are approximately invariant under the
cocycle’yg = Df,, o Ko(0), i.e., &, (y,E) < &p, & > 0.

(H3) Spectral condition for the bundles (exponential trichotomy):

Forallf e Tl‘f the spaces in (H2) are approximately hyperbolic for the cocycleyg.
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(H3') Since we are dealing with conformally symplectic systems, we assume:
Ao <A <AL, AAL <A, A <A<Af.

(H4) The dimension of the center subspace is 2d.

(H5) Nondegeneracy:

We assume that some d x d matrix & is invertible. This matrix is obtained by solv-
ing cohomology equations using algebraic operations that involve the derivatives of the
approximate solution. The explicit form of this matrix is given below by the matrix ap-
pearing at the Lh.s. of (5.16).

Let a = a(t) be a sufficiently small number, whose value can be computed explicitly
and assume for some0 < 8 < p, we have & < 6**&*, &, < &, where&, &* dependonv, 1,
Co, Ay Ay A5, A2, T ™€) g, IDKoll g, (DK DK) ™l -

Then, there exists an exact solution (K, lL¢), which satisfies

JueoKe—Keo Ty =0

with
IKe = Kolleg, s <CEG™T,  Ipe— ol < CE.

20 —

Moreover, the invariant torus K, is hyperbolic, namely there exists an invariant splitting
ff](e(g)./ﬂ = E; EBEHC GBEg ,

satisfying Definition 3.1 and such that the splitting Tl of the invariant torus is close to

the original one Tly:

"HS/LL/C _ 1—[}/u/0|lgfp72(7 < C(gﬁ—l' + gh) .
Finally, the hyperbolicity constants associated to the invariant splitting of the invariant
torus (denoted by a tilde) are close to those of the approximately invariant splitting of the

approximately invariant torus (see (H1), (H2)):
Ae—A:|<CEST+E), IMF-AT<CEST+&).

Remark 4.1. By using properties of conformally symplectic geometry, we can show the
following is true (see [10]):

« The stable/unstable exponential rates given by the set of Lyapunov multipliers {4 i},z-
satisfy the pairing rule

d
=1

Aidiza=A.

« Invariant tori satisfy the isotropic property: the symplectic form restricted to the
invariant torus is zero.

» Because of the conformally symplectic structure, the symplectic form is nondegen-
erate when restricted to the center bundle Ej.

An important result is that the bundle Eg near a rotational invariant torus satisfying
our hypotheses (notably that the dimension of the fibers of the bundle is 24) is trivial,
that is, the bundle is isomorphic to a product bundle. Precisely, we can show that if K is
an approximate solution of (2.2), we can find a linear operator % : Range(DK(0)) — E,
such that Ej is the image under Id + % of the tangent bundle of the torus.

5. A sketch of the proof of Theorem 4.1

We now proceed to sketch the proof of Theorem 4.1 (see Section 5.2), which uses
the so-called automatic reducibility presented in Section 5.1. The proof leads to the
algorithm described in Section 6. We refer to [10] for full details.



22 Renato C. CALLEJA, Alessandra CELLETTI, Rafael DE LA LLAVE

5.1. Automatic reducibility. We assume that there exists an invariant splitting of the
tangent space of ./ at K(0), T )4 with 6 € T%:

gK(g)./%ZE5®E5®Eg.

Let N(0) = (DK(6)"DK(©))™!, P(0) = DK(O)N(®), x(6) = DK©)"(J°)~! o K(6) DK (),
where J¢ is the 2n x 2n matrix of the embeddings of the center space into the ambient
space, and let

(5.1) S@) =P@O +w)TDfu oKB)(J) LoK@O)PO) - NO+w) y(0+w)N®©O +w) A1d, .
Let M be defined as

(5.2) M(6) = [DK®) | U) ' oK (6) DKO)N(O)] .

Taking the derivative of (2.2) we get

(5.3) Df,oK(0)DK(@0)-DKoT,(0)=0,

which shows that Range(DK (0)) < Eg and hence:

(5.4) DKT(0)J° oK@ DK(©) =0.

Due to (5.4), the dimension of the range of M in (5.2) is 2d, and from (H4) we have:
(5.5) Range(M()) = Ey .

Hence, there exists a matrix 28(0) such that

(5.6) Dfy,oK(@)M@O) = MO +w) #0),

where 2(0) is upper triangular with constant matrices on the diagonal. From (5.3), the
first columm of £ is (I%d). From (5.5), by setting v(0) = J9 1o K@) DK(O)N(O), we
have

(5.7 DfyoK(@) v0)=DKO+w)SO)+v@+w)U®),

where U = U(6) is obtained by multiplying (5.7) on the right by DK (6 + ) J 0 K(0 + w)
and using (5.4):

(5.8) U(H)=DKT(H+w)]COK(0+w)DfM0K(9) v(9) .

The center foliation is conformally symplectic and invariant. From these properties we
obtain

Df (0§ Dfu0) = A5y

from which ];(X)Dfu(x) (];(x))—l = )LDfH—T(x).
Hence, we see that the left hand side of (5.8) is equal to A, thus showing

Uuo)=211d, .
Defining S as in (5.1), we can write (5.6) as

(5.9) Df, 0o KO)M(®) = M(0 +w) (Idd S©) ) :

0 Aldy
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5.2. Sketch of the proof. Once the automatic reducibility leading to (5.9) is established,
we can proceed to sketch the proof of Theorem 4.1.

We start with an approximate solution of the invariance equation which is approxi-
mately hyperbolic and look for a correction to K and y, such that the error of the invari-
ance of the new embedding and the new parameter is roughly the square of the original
error in a smaller domain; this is the content of the following Proposition.

Proposition 5.1. Lerf,: M — M, 1€ R, d < n be a family of real-analytic, conformally
symplectic maps as in Theorem 4.1 with0 <A < 1. Letw € Dg(v,T).
Let (K,p), K: T4 — 4,K e <y, be an approximate solution, such that

(5.10) JfuoK@B)—KoT,(0) =e®)

and let§ = ||e||Q¢p.

Let Eg/ ¢/t be an approximately invariant hyperbolic splitting based on K, such that
Fpy, B/ < &), with &y, as in (H2) of Theorem 4.1. Assume that (K, 1) satisfies assump-
tions (H2)-(H3)-(H3')-(H4)-(H5) of Theorem 4.1 and that &, &), are sufficiently small.

Then, there exists an exact invariant splitting Eg/ ¢/t with associated cocycle )73 7, such
that

disty(Ej)"" By <C&y, vy =75 lles, < CER .
Furthermore, we can find corrections A, B, such that K' = K+ A, u' = u + B satisfy
fuwoK'0) =K' oT,(0) =€)
with
le'lg, ,<CO2T &%, |Alg, ,<C67E, |BI<CE.

Moreover, the splitting Eg/ ¢!t js approximately invariant for D f,y o K.

The proof of Proposition 5.1 is based on the following ideas. By expanding the invari-
ance equation for K’, y' in Taylor series, we have:

fuwoK'0)-K'(0+w) = f0K(@O)+Dfy,oK(©O)A®)+DyfuoK(@O)p
— K0 +w) - A0 +w)+O(IAI*) + OUBP) .
Using (5.10), the new error is quadratically smaller if the corrections A, 5 satisfy
(5.11) Df, 0 K(6) AB) + Dy fuoK©O) B~ A0 +w) =—e(0) .

The solution of (5.11) is obtained by projecting it on the hyperbolic and center spaces
and by using the invariant splitting (3.3). Let K, be the exact solution of (5.10); we as-
sume that the cocycle D f, o K, admits an invariant splitting as in (3.3). For the initial
step, this follows from (H2) and the closing Lemma 3.1, while in the subsequent steps,
we observe that the exactly invariant splitting for one step will be approximately invari-
ant for the corrected one, so we can apply again Lemma 3.1 to restore the invariance.

Denoting by AS(0) = HZMA(B), et 0) = Hgme(e) with & = s, ¢, u, we have
(5.12) DfyoK(0) A (0) +11, Dy fuoKO)f— A0 +w) =~ (0),
which contains A%, A€, A%, B as unknowns. The equation for A€ allows to determine A€
and . In fact, from

AC=MW°,

and by recalling (5.6), it follows that the approximate solution satisfies (5.9) up to an
error term, say R = R(0):

(5.13) DfyoK(@) M(0) = M6 +w)B(0) + R(O)
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with
IRlleg, s < CO™" llelly, -
Using (5.12) and (5.13), one obtains

Idd 8(9) c _ c _ _5C _ Ac
(5.14) ( 0 Aldy )W ) - WFoT,(0) = -e°(0) - A°0)B,
where °(0) = M~ 0 T,,(0)e(0), A°(0) = M~ ' o T,,(0) IT§, Dy f, 0 K(6). Next, we define

AC = [AS| AS], W€ as the average of W€, (W©)° = W—W¢, and (W{)° as an affine function
of B, where (WZC)0 = (W90 + ,B(Wbc)o for some functions Wy, W' With this setting, (5.14)
becomes

WH°(0) = W) o T, () = —(SWH)°(0) - (€)°6) - (A)°0) B
(5.15) AWH0) - (WH o T, (0) = - (25)°(0)
AWH0) - (W) o T, (0) = —(A5)°0),
whose solution for (W)°, (W¢)°, (WbC)O is found by using standard results (see, e.g., [8]).

Taking the average of (5.15) and combining the last two equations in a single equation
for (ch)0 leads to the following system of equations:

S SO0+ A ( wg ) [ SO -7
(A-1)ldg A p —e5 '
Using the nondegeneracy condition (H5) allows to find a solution of (5.16) and, hence,

to determine Wy, B.
Next, we solve (5.12) for the stable subspace. After denoting

0' = Tw (), as(gl) = ngeo T—w(el);
equation (5.12) becomes
Dfu(KoT_(0") A*(T_,(0") + 10}, Dy fu(Ko T_, () B—A°(0") = -&°(0) ,

which can be solved for A® in the form

(5.16)

A@)=2 0"+ ) (Dfu(KO T_,(0") x -+ x Dfy(Ko T_kw(e’))) & (T_kw(0")
k=1
+10g., , Dufu(K o T (0)B
+ Y (DAuK 0 T (0) % . x D fulK 0 Ty (0) T, Dy fu(K © T 111 (01 B,
k=1

where the series in the last term converges in </, due to the growth rates (3.4).
In a similar way, one can solve the equation for the unstable subspace, thus obtaining

NO) == Y. ((Df) T KO x ... x (D)™ (K0 Ty (0))) " (T (6)
k=0

-y ((Df#)_l(K(H)) X o % (D f;) " (K © T (0)) T, Dy fu(K 0 Ty (0));3.
k=0

Simple estimates show that the norm of . (defined in (H5)), the norm of the change
of the projections, the change in the rates, and the constant Cy in (3.4) slightly change
after one iterative step; denoting by ?g "% the cocycle associated to K’, ¢/, one has:

1S et <1 et + CE " el s
ITT " — 113"l g, < CIK' = Kl g, < C5 " llell 5,
1757 =75 ety <CETE+Ep) .
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The last issue with proving Theorem 4.1 is showing that the inductive step can be iter-
ated infinitely many times and that it converges to the true solution, provided the initial
error is sufficiently small. This is a standard KAM argument, which is proved by intro-
ducing a sequence {Kj, uj} of approximate solutions on shrinking domains and impos-
ing a smallness condition on the size of the initial error || e|| -

6. The algorithm for the new approximation

The proof of Theorem 4.1 leads to the following algorithm, which allows to construct
the improved approximation, given f,, w, Ko, po. We fix an integer Lo, which denotes
the maximum number of terms which are computed in the infinite series defining A®
and A". Each step is denoted as a — b, meaning that the quantity a is determined from
b. Note that the number of steps is less than 40 and that all the steps involve just calling
a standard function, so the coding is reasonably straightforward.

Algorithm 6.1. Ler f,;, w, Ko, po be as in the previous sections and let Lo € Z:
* X1 — fu() oKy
* x2— Koo Ty
ce—x1—-12
o pSlclu Hg/f‘f)ue
°Y — Dfllo oKy
*Y = Dyufuo Ko
e a — DKy
eN—[ala]™
e J—U9 oK
oM< [al] a N
eM<—MT1oT,
e —Me°
eP—aN
ex—alJa
e A—A1dy
*S—(PoT,)TyJP-(NoTy) (xoT,)T NoT, A
<A NG, 7
o (W{)° solves L(Wy)? — (Wg)? o T, = —(&5)°
o (Wf)° solves A(W[)? — (Wf)° o T, = —(AS)°
. FindWZC, B by solving
SWy +(S(WH)° + A5)p=—S(WS)° - &
A-DWf + ASp=—8
o (W))? — (W) + B(W))°
o« Wy — (W) + W5
« (W))? solves (W)° — (WF)° o T, = —(S Wi)° — (&5)° — (AS)°B
o A€ — M W€
o p1—po+p
e ComputeT =y ' x...xy Vo Ty, fork=0,..., Lo
» Compute e} = e" o Ty, fork =0,..., Lo
o Computeyy :~Hg+w)7:> Trew fork=0,..., Ly
oMY -y (el +TiFip)
¢ 0 — T,
e ComputeTy =yoT_,(0") x .. xyo T_,(0) fork=1,..., Ly
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o Compute & =& o T_p, 0" fork=1,..,Ly

o Computey' = I,y o T_(0) fork=1,..., Ly

o Computey) =115,y 0 T_(41)0 (@) fork=1,..., Lo
oA — Es’(e’) + X0 T8 +7 B+ X Ti7 B
eAS—AYoT,

o K] — Ko+ A+ A"+ A,

7. Domains of analyticity and Lindstedt expansions of whiskered tori

The study of domains of analyticity of whiskered tori of conformally symplectic sys-
tems in the limit of small dissipation is similar to that developed in [9] with added hy-
perbolicity. The main idea is to compute an asymptotic expansion (Lindstedt series),
which can be used as starting point for the application of Theorem 4.1.

The Lindstedt series expansions to order N of K, i, A” satisfy the invariance equation
up to an error bounded by Cyle|N*!. Then, we apply Theorem 4.1 for £ belonging to a
domain with good Diophantine properties of A. Hence, we are able to prove that there
exists a true solution K, y and

IKE=M K =M =y < Clel N1

in the domain, thus showing the Lindstedt series are asymptotic expansions of the true
solution. The quantities K'=N!, ul=N! denote the truncations to order N in € (see (7.1)
below) of the Lindstedt series expansions.

Let fyi.e : M — A be a family of maps such that

f’Z,EQ =A6)Q,
where the conformal factor A is taken as
(7.1) Ale) =1+ ae®+ O(le|*™h)

for some a > 0 integer and a € C\ {0}.
Recalling Definition 2.2, we introduce the following sets, where the Diophantine con-
stants allow to start an iterative convergent procedure (see [9]).

Definition 7.1. For A>0, N€ Z., w € R?, let the set ¢ = 4(A;w, 7, N) be defined as
G(A0,1,N)={eeC: v(Ae)o,7) IMe) - 11N < A}

Forrp e R, let

(7.2) G (Aw,T,N)=94n{ceC: |e|<ro}.

We prove that K and p are analytic in a domain %, as in (7.2) for a sufficiently small
r9. This domain is obtained by removing a sequence of smaller balls whose centers lie
along smooth lines going through the origin from a ball centered at zero (see Figure 1).
The removed balls have radii decreasing faster than any power of the distance of their
center from the origin. Like in [9], we conjecture that this domain is essentially optimal.

Theorem 7.1. Let fy, . : M — M withpeT withT < C? open, d < n, € € C, be a family
of conformally symplectic maps with conformal factor satisfying (7.1) witha € R, a # 0,
aeN. LetweD4(v,T).

(A1) Assume that for u = ug, € = 0 the map fu,0 admits a whiskered invariant torus,
namely

(A1.1) there exists an embedding Ko : T% — ., Ky € o, for some p >0, such that

Juo0oKo=Koo Ty ;
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(A1.2) there exists a splitting T (0).4 = Eg ® Eg ® Eé‘, which is invariant under the
cocycle yg = D fuy,00 Ko(0) and satisfies Definition 3.1. The rates of the splitting satisfy the
assumptions (H3), (H3’) and (H4) of Theorem 4.1.

(A2) The function f,, ¢ (x) is analytic in all of its arguments and the analyticity domains
are large enough, namely:

(A2.1) both Ko (0) and the splitting Ey®" considered as a function of 0 are in <, for
some po > 0;

(A2.2) thereis adomain % < C" /7" x C" such that for |e| < €* and all u with |pu— ol <
u* the function f, . is defined in %% and the condition (4.1) holds.

(A3) The nondegeneracy condition (H5) of Theorem 4.1 is satisfied by the invariant
torus.

Then:

(B.1) We can compute formal power series expansions
K2=3 K pP=) ey,
j=0 j=0
satisfying (2.2) and such that for any 0 < p' < p and N € N, we have

”f'uLSN],EOKg[SN] _Kz-,[SN] o Tw”g{‘; < CN|£|N+1 )

(B.2) We can compute the formal power series expansions
oo . ~
AT = ZOEJA‘T , AJOV:EJO)—E©O), o=sSun
]:

with A? € o, satisfying the equations for invariant dichotomies in the sense of power
series.

(B.3) For the set %y, as in (7.2) with ro sufficiently small and for 0 < p’ < p, there exists
Ke: %, — Ay, e :Gry — ce, analytic in the interior of %4, taking values in <,y , extend-
ing continuously to the boundary of 4,, and such that for € € ¢, the invariance equation
is satisfied exactly:
fueeoKe—KeoTy=0.
Furthermore, the formal series in (B.1) give an asymptotic expansion of the exact solution,
namely for0 < p' < p, N €N, one has:

<N N+1 =N N+1
IKEM ~Kellgy < Cnlel™h, 1™ — pel < Culel ™1

G

-

.'r"'/,

s

FIGURE 1. A representation of the set ¢ given by the complement of
the black circles, whose radii have been rescaled for graphical reasons.
Wetookd=1,7=1,a=>5.

€j

/.
g
\
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We refer to [10] for the proof of Theorem 7.1. Figure 1 is a graphical description of
the set ¢, which is the complement of the black circles with centers along smooth lines
going through the origin and with radii decreasing quickly as the centers go to zero.
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